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a b s t r a c t
In this paper, we applied the Exp-function method to solve the Kawahara equation.
This method can be used to obtain new exact solutions and periodic solutions with
parameters are obtained. It is shown that the Exp-function method, with the help of
symbolic computation, provides a very effective and powerful (mathematical tools) for
discrete nonlinear evolution equations in mathematical physics.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction
In recent years, the investigation of traveling wave solutions for nonlinear equations has played an important role in the
study of nonlinear physical phenomena. Nonlinearwave phenomena appear in various scientific and engineering fields, such
as fluid mechanics, plasma physics, optical fibers, solid state physics and geochemistry. In this past several decades, many
authors paid attention to study solitonic solutions of nonlinear equations by using a variety of powerful methods, such as
the tanh–sech method [1–3], the inverse scattering method [4], bilinear transformation [5], the extended tanh method [6–
8], the Exp-function method [9–14], the sine–cosine method [15–17], the direct algebraic method [18,19], the homogenous
balance method [20,21], the variational iteration method [22–30], the modified tanh function method [31–37], and the
pseudo spectral method [38] have been proposed for obtaining exact and approximate analytic solutions.
The aim of this paper is to extend the Exp-function method to solve the Kawahara equation, it is a model for plasma
waves, capillary-gravity water waves [39]. Moreover, this equation describes water waves with surface tension.
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2. The basic idea of Exp-function method
The Exp-function method was first proposed in [27] and systematically studied in [11,2] and was successfully applied
to a KdV equation with Variable coefficients [40], to differential equations [41,42], to Boussinesq equation [43] to class of
nonlinear partial differential equations [44] and for important nonlinear partial differential equations. We consider a given
nonlinear PDE in the following form
N(u, u1, ux, uxx, utt , . . .) = 0 (1)
where N is a polynomial function with respect to the indicated variables or some functions which can be reduced to a
polynomial function by using some transformation. We seek its wave transformation.
u = u(ξ); ξ = kx+ ct (2)
where k and c are constants. We can rewrite Eq. (1) in the following nonlinear ordinary differential equations
Q (u, u′, u′′, u′′′, . . .) = 0 (3)
where the prime denotes the derivation with respect to ξ . According to the Exp-function method, we assume that the
solution can be expressed in the form [10]
u(ξ) =
d∑
n=−c
an exp[nξ ]
q∑
m=−p
bm exp[mξ ]
(4)
where c, d, p and q are positive integers which can be freely chosen, an and bm are unknown constants to be determined.
To determine the values of c and p, we balance the highest order linear term with the highest order nonlinear term in
Eq. (4). Similarly to determine the values of d and q. So by means of the Exp-function method, we obtain the generalized
solitary solution and periodic solution for nonlinear evolution equations arising in mathematical physics. To show the
efficiency of the method described in the previous part, we present the following example.
3. The Kawahara equation
We consider the Kawahara equation
ut + αkuux + βuxxx − γ uxxxxx = 0 (5)
where α, β and ν are nonzero constants [45,46]. Applying the transformation Eqs. (2) and (5) becomes an ordinary
differential equation
(w + kαu)u′ + βk3u(′′′) − γ k5u(v) = 0 (6)
using the ansatz Eq. (4), for the linear term of highest order u(v) with the highest order nonlinear term uu′ we have.
u(v) = c1 exp[(c + p)ξ ] + · · ·
c2 exp[(2p)ξ ] + · · · (7)
and
uu′ = c3 exp[(2c + p)ξ ] + · · ·
c4 exp[(3p)ξ ] + · · · (8)
where ci; are coefficients for simplicity. Balancing the highest order of the Exp-function in Eqs. (7) and (8), we have
c + 2p = 2c + p (9)
which leads to the result
p = c. (10)
Similarly to determine values of d and q, we balance the linear term of the lowest order in Eqs. (7) and (8)
u(v) = · · · + d1 exp[−(q+ d)ξ ]· · · + d2 exp[(−2q)ξ ] (11)
and
uu′ = · · · + d3 exp[−(q+ 2d)ξ ]· · · + d4 exp[(−3q)ξ ] (12)
where di are coefficients determined only for simplicity, we have
− (q+ 2d) = −(2q+ d) (13)
which leads to the result
q = d. (14)
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3.1. Case (1) p = c = 1; d = q = 1
We can freely choose the values of c and d but we will find that the final solution does not strongly depend upon the
choice of values of c and d [10,11]. For simplicity, we set p = c = 1 and d = q = 1, then the trial function, Eq. (4) becomes
u(ξ) = a1 exp[ξ ] + ao + a−1 exp[−ξ ]
exp[ξ ] + bo + b−1 exp[−ξ ] . (15)
Substituting Eq. (15) into Eq. (6), and using Maple,we have
a1 = a−1b−1 , ao =
boa−1
b−1
, a−1 = a−1, b−1 = b−1, bo = bo,
w = k(−4βk
2b−1 + 16γ k4b−1 − αa−1)
b−1
.
(16)
So, inserting Eq. (16) into Eq. (2) admits the following closed form of a traveling wave, i.e.
u(x, t) =
a−1e
[
kx+ k(−4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
b−1
+ boa−1
b−1
+ a−1e
[
−kx− k(−4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
/
{
e
[
kx+ k(−4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
+ bo + b−1e
[
−kx− k(−4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]}
. (17)
If we set b−1 = 1 in Eq. (17), we obtain the new solution
u(x, t) = a−1(cosh[kx+ k(−4βk
2 + 16γ k4 − αa−1)t] + bo)
sinh[kx+ k(−4βk2 + 16γ k4 − αa−1)t] + bo (18)
[4] which is the exact solution of the Kawahara equation. When k is an imaginary number, the Eq. (17) obtained can be
converted into a periodic solution. In this case we write k = iK , then Eq. (17) becomes
u(x, t) =
a−1e
[
ikx+ ik(4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
b−1
+ boa−1
b−1
+ a−1e
[
−ikx− ik(4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
/
{
e
[
ikx+ ik(4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]
+ bo + b−1e
[
−ikx− ik(4βk
2b−1+16γ k4b−1−αa−1)t
b−1
]}
(19)
and if we set b−1 = 1 in Eq. (19), we have
u(x, t) = {2a−1 cos[Kx+ K(4βK 2b−1 + 16γK 4b−1 − αa−1)t] + boa−1}/
{2 cos[Kx+ K(4βK 2b−1 + 16γK 4b−1 − αa−1)t] + bo} (20)
where bo, b−1 and a−1 are arbitrary constants.
3.2. Case (2) p = c = 2; d = q = 1
We consider the case p = c = 2 and d = q = 1 then Eq. (4) can be expressed as
u(ξ) = a2 exp[2ξ ] + a1 exp[ξ ] + ao + a−1 exp[−ξ ]
exp[2ξ ] + b1 exp[ξ ] + bo + b−1 exp[−ξ ] . (21)
Substituting Eq. (20) with Eq. (6), and equating to zero the coefficients of all powers of Eq. (22), we obtain the system of
algebraic equations. Solving of this system we get the coefficients as:
a1 = a−2b−2 , ao =
boa−2
b−2
, a−2 = a−2, b−1 = b−1, bo = bo,
w = k(−7βk
2b−2 + 31γ k4b−2 − αa−2)
b−2
, b−2 = b−2, a−1 = b−2b−1b−2 .
(22)
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Substituting Eq. (21) into Eq. (20) yields the following solution
u(x, t) =
a−2e
[
kx+ k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
]
b−2
+ bob−1
b−2
+ a−2b−1
b−2
e
[
−kx− k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
]
+ a−2e
2
[
−kx− k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
]}/{
e
[
kx+ k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
]
+ bo
+ b−1e
[
−kx− k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
]
+ b−2e
2
[
−kx− k(−7βk
2b−2+31γ k4b−2−αa−2)t
b−2
] . (23)
If we choose b−1 = b−2 = 1 the obtained solution will be in the form
u(x, t) = {a−2(e[kx+k(−7βk2+31γ k4−αa−2)t] + e−[kx+k(−7βk2+31γ k4−αa−2)t])+ a−2e−2[kx+k(−7βk2+31γ k4−αa−2)t] + bo}/
{bo + e[kx+k(−7βk2+31γ k4−αa−2)t] + e−[kx+k(−7βk2+31γ k4−αa−2)t] + e−2[kx+k(−7βk2+31γ k4−αa−2)t]} (24)
that recovers the exact solution as expressed in Eq. (24)
u(x, t) = {2a−2 cosh[kx+ k(−7βk2 + 31γ k4 − αa−2)t] + a−2e−2[kx+k(−7βk2+31γ k4−αa−2)t] + bo}/
{bo + 2 cosh[kx+ k(−7βk2 + 31γ k4 − αa−2)t] + e−2[kx+k(−7βk2+31γ k4−αa−2)t]}. (25)
When k is imaginary number, the obtained solution can be converted into a periodic solution. We write k = iK , then
Eq. (22) becomes
u(x, t) = {2a−2 cos[iKx+ iK(7βK 2 + 31γK 4 − αa−2)t] + a−2e−2[Kx+K(7βK2+31γK4−αa−2)t] + bo}/
{bo + 2 cos[iKx+ iK(7βK 2 + 31γK 4 − αa−2)t] + e−2[iKx+iK(7βK2+31γK4−αa−2)t]}. (26)
3.3. Case (3) p = c = 1; d = q = 2
As mentioned above the values of c and d can be freely chosen. Now we set p = c = 1 and d = q = 2, Eq. (4) becomes
u(ξ) = a2 exp[2ξ ] + a1 exp[ξ ] + ao + a−1 exp[−ξ ]
b2 exp[2ξ ] + b1 exp[ξ ] + bo + b−1 exp[−ξ ] (27)
we set b2 = 1 for simplicity. By the same manipulation as illustrated above we obtain
a1 = b−1a2, ao = a2bo, a2 = a2, b−1 = b−1, bo = bo, w = w, a−1 = b−1a2 (28)
where b−1, bo and a2 are free parameters. Substituting these results into Eq. (25), we obtain the following exact solution
u(x, t) = b−1a2e
(kx+wt) + b−1a2e(−kx−wt) + a2bo + a2e2(kx+wt)
b1e(kx+wt) + b−1e(−kx−wt) + bo + e2(kx+wt) . (29)
If we set b−1 = −1 and b1 = 1, Eq. (27) becomes
u(x, t) = {−a2 cosh[kx+ wt] + a2bo + a2e2(kx+wt)}/{sinh[kx+ wt] + bo + e2(kx+wt)} (30)
which is the other exact solution of the Kawahara equation. In addition, when k andω are imaginary numbers, the obtained
solitary solution can be converted into a periodic solution, so we define
k = iK ; ω = iΩ (31)
then Eq. (27) becomes
u(x, t) = {2b−1a2 cos[Kx+Ωt] + boa2 + a2e2(iKx+iΩt)}/{2b−1 cos[Kx+Ωt] + bo + e2(iKx+iΩt)}. (32)
4. Numerical results
In this section to know the accuracy of the exact solutions we have obtained (18), (25) and (30) we compared those
solutions with the exact solution [47]
u(x, t) = 420β
164αγ
[n(x, t)]
[
n(x, t)
2
+ 1
]2
(33)
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Table 1
The numerical results for the exact solution (18) in comparison with the exact solution (33) when a−1 = 0.000001, bo = −0.0001, Bo = 0.1, k = α =
γ = β = 1 and p = 200.
t x
0.5 1 1.5 2 2.5
0.5 2.76812× 10−5 2.94268× 10−5 3.12786× 10−5 3.32431× 10−5 3.53271× 10−5
1 2.07344× 10−5 2.20571× 10−5 2.34604× 10−5 2.49491× 10−5 2.65283× 10−5
1.5 1.54701× 10−5 1.64725× 10−5 1.75358× 10−5 1.86639× 10−5 1.98607× 10−5
2 1.14809× 10−5 1.22405× 10−5 1.30463× 10−5 1.39011× 10−5 1.4808× 10−5
Table 2
The numerical results for the exact solution (25) in comparison with the exact solution (33) when a−2 = −0.0001, k = −1, bo = α = β = m = 1 and
p = 200.
t x
0.5 1 1.5 2 2.5
0.5 1.28682× 10−4 1.30427× 10−4 1.32279× 10−4 1.34243× 10−4 1.36327× 10−4
1 1.21735× 10−4 1.23057× 10−4 1.2446× 10−4 1.25949× 10−4 1.19664× 10−4
1.5 1.1647× 10−4 1.17472× 10−4 1.18536× 10−4 1.19664× 10−4 1.20861× 10−4
2 1.12481× 10−4 1.1324× 10−4 1.14046× 10−4 1.14901× 10−4 1.15808× 10−4
Table 3
The numerical results for the exact solution (30) in comparison with the exact solution (33) when a2 = −0.00001, bo = k = α = γ = β = m = w = 1
and p = 200.
t x
0.5 1 1.5 2 2.5
0.5 3.58391× 10−5 3.84963× 10−5 4.1031× 10−5 4.34594× 10−5 4.58425× 10−5
1 2.98038× 10−5 3.18095× 10−5 3.36768× 10−5 3.54644× 10−5 3.72311× 10−5
1.5 2.52225× 10−5 2.66888× 10−5 2.80512× 10−5 2.93667× 10−5 3.06793× 10−5
2 2.16972× 10−5 2.27558× 10−5 2.37491× 10−5 2.47197× 10−5 2.56976× 10−5
where
n(x, t) = 1−
{
cosh
[√
β
13γ
(
x− 36β
2t
169γ
+m
)]
+
√
p2 + 1
}/{
sinh
[√
β
13γ
(
x− 36β
2t
169γ
+m
)]
+ p
}
.
As shown in Tables 1–3.
We note through the results of the preceding tables that the solutions we have obtained are very precise and that there
is an inverse relationship between distance and time.
5. Conclusions
In this paper, we applied the Exp-functionmethod to the Kawahara equation. The Exp-functionmethodwas successfully
used to obtain the exact solutions of Kawahara equation. As a result, some new generalized solitary solutions with
parameters are obtained.The obtained solutions are new. It may be important to explain some physical phenomena
by setting the parameters as special values. Finally, it is worthwhile mentioning that the Exp-function method is
straightforward, concise, and is a powerful mathematical method to solve nonlinear problems.
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